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A highly expandable polymeric material have been combined with a stiff skeleton material
to form a powerful design of thermal micro-actuators. The bond interfaces with the skel-
eton laterally restrain deformation of the polymer and consequently direct its volumetric
expansion in the transverse direction. A complete lateral constraint at the inﬁnite bond
width could maximize the apparent thermal strain of the bonded polymer. However, it
is not sure how much strain enhancement can be achieved using a ﬁnite bond width. To
answer this, we resort to an approximate thermo-elastic model and solve it using the
mean-pressure method. This model leads to closed-form solutions to the thermally
induced strains and stresses in a bonded polymer layer between rigid interfaces. The
closed-form solution shows that the apparent strain of a bonded layer depends on the
aspect ratio of the bond width to the layer thickness, besides Poisson’s ratio. Furthermore,
it further shows that a bond width ﬁve times the thickness of the SU-8 epoxy layer is suf-
ﬁcient to attain 95% of the maximum apparent strain, which is obtained at the inﬁnite
width.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Material design for extremal thermal expansions was previously developed based on metallic materials and voids
(Sigmund and Torquato, 1996, 1997; Steeves et al., 2007). They appeared in various complex multi-phase topologies
or layouts. The adopted metals have high stiffness but moderate thermal expansion. Their combination in a complex
layout do not deliver high thermal expansion. The highest achievable thermal expansion depends mainly on the
intrinsic constituent properties. This motivates us to look into the use of a highly thermal expandable polymer.
We propose integration of the polymer and a skeleton material in a laminate-like design (see Fig. 1). Such integra-
tion exploits the large thermal expansion and stiffness mismatches between the two materials to enhance the actu-
ation performance of the polymer. This leads to a new class of powerful thermal micro-actuators (Lau et al., 2006a,
2007b).
In the design (see Fig. 1), a stiff skeleton is embedded in a thick block of a compliant and highly thermally expandable
polymer. In this case, the skeleton is made of silicon while the polymer in use is SU-8 epoxy. The bond interfaces between
the two are almost rigid and restrict lateral deformation of the polymer. Consequently, a volumetric expansion of the poly-
mer is reinforced and directed in the transverse direction. As a result, the composite design exhibits a higher apparent strain
and stiffness than the polymer alone. In addition, the skeleton improves heat transfer to the polymer, which is a thermal. All rights reserved.
+65 67924062.
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Fig. 1. A polymeric actuator design with an embedded silicon skeleton: (a) a schematic drawing and a sandwiched model of laminae; (b) a scanning
electron micrograph of a sample device (with a total length of 500 lm and spacing gap width of 3 lm).
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eton exhibits excellent actuation capability (Lau et al., 2006a, 2007b).
The polymeric ﬁlling, which is conﬁned in the meandering skeleton, to a large extent has a similar conﬁguration to a poly-
meric layer sandwiched between two skeleton layers. The volumetric expansion of the bonded polymer layer is directed per-
pendicular to the bond interfaces. Ideally, a bonded layer of incompressible polymer exhibits an apparent thermal strain
three times larger the intrinsic polymer alone does (Wu et al., 1993; Han and Guo, 1996; Lau et al., 2006a, 2007b). This is
quite different from the case of dielectric elastomers whose stress-induced strains are suppressed by the lateral restraint
(Pelrine et al., 1998, 2000; Lau et al., 2006b).
The bond interface has the same width as the skeleton plates, if perfect bonding is assumed. The plate width determines
the extent of lateral restraint on the bonded polymeric layer. Wide plates can impose complete lateral restraint, but they
occupy space and result in a long path for heat conduction. Narrow plates are compact and result in a low moment of inertia
for a bender design (Lau et al., 2007a). However, the narrow plates cannot direct as much volumetric expansion in a single
direction as the wide plates do because of less lateral restraint. How narrow can the plates be without compromising the
strain enhancement? There are no obvious answers available in literature.
So far, bi-axial lamellar models were developed to predict enhanced thermal strain for a constrained polymeric layer of
inﬁnite width (Wu et al., 1993; Lau et al., 2006a, 2007b). However, the lamellar models do not predict the ﬁnite-width
behavior of the constrained polymeric layer. A closed-form solution for the ﬁnite-width layer is necessary and valuable
(Lau et al., 2008). It not only provides insight into the thermo-elastic mechanics of the bonded layer, but also enables iden-
tiﬁcation of inﬂuential design parameters. In contrast, a numerical solution does not provide instantly useable formulae and
a concise description.
Due to the large thermal mismatch between the polymer and skeleton layers, there will be signiﬁcant thermal stresses
in the bonded polymeric layer when temperature rises. The thermally induced interfacial stresses may cause delamination
between the polymer and skeleton layers. They should be maintained below the interfacial bond strength to ensure reli-
able operation. Ability to accurately predict the thermally induced interface stresses is therefore important. Previously, the
lap-joint method was developed to predit the interfacial stresses in an inﬁnitesimal thin adhesive layer between dissimilar
adherends (Chen and Nelson, 1979; Suhir, 1989; Tsai et al., 2004). However, it cannot be applied to the present case where
the adherends are identical (i.e., both silicon plates) and the polymeric layer is as thick as the adherends themselves. If
without taking into account of this difference, the lap-joint theory may incorrectly predict zero or minimal shear stress.
Therefore, an alternative stress analysis method is needed to predict the thermal stress in the rigidly bonded polymeric
layer.
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The ‘mean pressure’ method was developed to predict the compressive stiffness of a rigidly bonded elastic layer in seismic
isolators (Koh and Kelly, 1989; Chalhoub and Kelly, 1991; Tsai and Lee, 1998, 1999). The layer is compressed under a load
acting perpendicular to the layer. The bonded surfaces of the compressed layer are restrained from lateral deformation. As a
result, the layer exhibits a higher apparent compressive stiffness. The mean pressure method utilized two kinematic assump-
tions for the bonded elastic layer under compression (Gent and Lindley, 1959; Lindley, 1979): a lateral plane remains plane,
and a transverse line becomes parabolic. These kinematic assumptions are also realistic for a bonded polymeric layer under-
going thermal expansion. Therefore, the ‘mean pressure’ method can be extended to the thermo-elastic analysis of the
bonded layer.
In the subsequent derivation, we will express the basic thermo-elastic equilibrium equation and constitutive equation
(i.e., stress–strain relationship) in terms of the dilatation and hydrostatic pressure. Subsequently, a second-order ordinary
differential equation (ODE) for the ‘mean pressure’ is derived and solved, leading to analytical solutions for the thermally
induced strains and stresses in a polymeric layer bonded between rigid interfaces.
3. Theory
Consider a polymeric strip sandwiched between two rigid plates as shown in Fig. 2. If the plates are rigid and do not ex-
pand during a temperature change, they will restrict lateral deformation of the bonded polymer, resulting in zero lateral dis-
placement on the bond surfaces. When uniformly heated in the absence of external loads, the bonded strip is expected to
expand predominantly in the transverse direction (i.e., along the z thickness direction) but shows a slight lateral bulging.
The bonded layer is assumed to deform such that a lateral plane remains plane and horizontal, and that a transverse line
becomes parabolic (see Fig. 2b). Mathematically, the assumed displacement ﬁeld for a bonded layer with a bond width of
W ¼ 2b and a thickness of t takes the form (Tsai and Lee, 1998):uðx; y; zÞ ¼ u0ðx; yÞð1 4z2=t2Þ;
vðx; y; zÞ ¼ v0ðx; yÞð1 4z2=t2Þ;
wðx; y; zÞ ¼ w0ðzÞ;
ð1Þin which u0 and v0 are lateral displacements along the mid-plane of the layer, i.e., at z ¼ 0, and w0 is the transverse displace-
ment, which is independent of the lateral location, i.e., x and y coordinates.
In accordance to the assumed displacement ﬁeld (Eq. (1)), the strain components arexx ¼ u;x ¼ u0;xð1 4z2=t2Þ;
yy ¼ v;y ¼ v0;yð1 4z2=t2Þ;
zz ¼ w;z ¼ w0;z;
cxy ¼ u;y þ v;x ¼ ðu0;y þ v0;xÞð1 4z2=t2Þ;
cyz ¼ v;z þw;y ¼ 8zv0=t2;
czx ¼ u;z þw;x ¼ 8zu0=t2;
ð2Þin which xx; yy, and zz are normal strains and cxy; cyz, and czx are shear strains.
The main derivation steps involve re-expressing the isothermal thermo-elastic equations in terms of the hydrostatic pres-
sure and displacement derivatives of the assumed displacement ﬁeld (i.e., Eqs. (1) and (2)). The isothermal thermo-elastic
equations are listed in the Appendix (Boley and Weiner, 1960) for the convenience of reader.
According to Eq. (A.2a), dilatation strain is related to the hydrostatic pressure, p. Substitution of Eq. (2) into Eq. (A.2a)
yieldsFig. 2. A polymeric strip sandwiched between two rigid plates: (a) with indicated geometry; (b) with indicated displacement ﬁeld.
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in which a is the coefﬁcient of linear thermal expansion (CTE), DT is the temperature rise, and j is the bulk modulus.
Similarly, the constitutive equation in a stress–strain form (i.e., Eq. (A.3a) can be expressed in terms of hydrostatic pres-
sure and displacement derivatives, leading torxx ¼ kp=jþ 2lu;x  2laDT;
ryy ¼ kp=jþ 2lv;y  2laDT;
rzz ¼ kp=jþ 2lw;z  2laDT;
sxy ¼ lðu;y þ v;xÞ;
syz ¼ lðv; z þw;yÞ;
szx ¼ lðu; z þw;xÞ;
ð4Þin which k and l are Lame elastic constants, given in Eq. (A.3b).
Substituting Eq. (4) into the equilibrium equations (Eq. (B.1)) yields:u;xx þ u;yy þ u;zz ¼ kþ llj p;x;
v;xx þ v;yy þ v;zz ¼ kþ llj p;y;
w;xx þw;yy þw;zz ¼ kþ llj p;z:
ð5ÞDifferentiating the ﬁrst two equations of Eq. (5) with respect to the lateral coordinates and combining the results containing
the second-order derivatives of the pressure yieldðu;x þ v;yÞ;xx þ ðu;x þ v;yÞ;yy þ ðu;x þ v;yÞ;zz ¼
kþ l
lj
ðp;xx þ p;yyÞ: ð6ÞThis equation for isothermal expansion has a similar expression to that derived for an elastic layer under a compressive load.
However, the two differ in that the pressure on the right hand side of the equation is thermally induced while that of the
latter is induced by the external compressive load.
In turn, the right hand side of Eq. (6) can be reformulated, by differentiating Eq. (3) twice with respect to the coordinates
and using the information on the assumed displacement ﬁeld (Eqs. (1) and (2))ðu;x þ v;yÞ;xx ¼ p;xx=j;
ðu;x þ v;yÞ;yy ¼ p;yy=j;
ðu;x þ v;yÞ;zz ¼ 
8
t2
ðu0;x þ v0;yÞ:
ð7ÞIn the last expression above, the lateral strains on the mid-plane (i.e., u0;x þ v0;y) can be expressed in terms of the mean pres-
sure p and apparent axial strain a in the z directionu0;x þ v0;y ¼ 32 ða  p=jþ 3aDTÞ ð8Þby integrating and normalizing Eq. (3) with respect to the thickness tu;x ¼ 1t
Z t=2
t=2
u;x dz ¼ 1t
Z t=2
t=2
u0;xð1 4z2=t2Þdz ¼ 23u0;x;
v;y ¼ 1t
Z t=2
t=2
v;y dz ¼ 1t
Z t=2
t=2
v0;yð1 4z2=t2Þdz ¼ 23 v0;y;
w;z ¼ 1t
Z t=2
t=2
w;z dz ¼ 1t
Z t=2
t=2
w0;z dz ¼ 1t w
t
2
 
w  t
2
  
¼ a;
and pðx; yÞ ¼ 1
t
Z t=2
t=2
pðx; y; zÞdz:
ð9ÞThe integration and normalization across the thickness form the essence of the ‘mean pressure’ method, which enables solu-
tion of the displacement ﬁelds using a single unknown, i.e., the ‘mean pressure’ ðpÞ.
Since the lateral strains ðu0;x þ v0;yÞ along the mid-plane are function of pressure, substituting Eqs. (7) and (8) into Eq. (6)
leads to a second-order ordinary differential equation (ODE) of the mean pressure p
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wherea2 ¼ 12
t2
l
kþ 2l
 
:This ODE bears similarity to its elastic counterpart (Tsai and Lee, 1998), but it has the unknown ‘mean pressure’ as a function
of thermal strain ðaDTÞ, rather than the compressive load.4. Solution for an inﬁnite strip
Consider a bonded polymer strip which has a large dimension in the y-direction as compared to the width W ¼ 2b and
thickness t. The thermo-elastic deformation of the strip can be solved as a two-dimensional (2D) plane-strain problem. In
this case, the displacement v in the y direction vanishes, and so does the pressure gradient p;y. As a result, Eq. (10) becomesp;xx  a2p ¼ a2jða  3aDTÞ: ð11Þ
The boundary conditions relevant to this ODE will be derived in the subsequent steps.
Because v;y ¼ 0, Eq. (3) becomes
u;x ¼ w;z  p=jþ 3aDT: ð12ÞSubstituting Eq. (12) into the lateral stress given in Eq. (4) and following by an integration across the thickness yields the
mean lateral stress in the x-directionrxx ¼  kþ 2lj
 
p 2la þ 4laDT: ð13ÞSince the mean lateral stress at the edge is zero, i.e., rxxðx ¼ bÞ ¼ 0, the mean pressure at the edge is obtained aspðbÞ ¼ j
kþ 2l ½2la þ 4laDT: ð14ÞSolving the ODE (11) with this boundary condition yields the mean pressure p aspðxÞ ¼ cosh ax
cosh ab
j
kþ 2l
 
½ka  ð3kþ 2lÞaDT þ j½a þ 3aDT: ð15ÞThis result shows that the mean pressure is a function of x coordinate, the isotropic thermal strain ðaDTÞ and the axial ther-
mal strain ðaÞ.
5. Thermal strain
Integrating and normalizing the third sub-equation of Eq. (4) and using the deﬁnition of the axial thermal strain ðaÞ in Eq.
(9), the mean transverse stress becomesrzz ¼ kpðxÞ=jþ 2la  2laDT: ð16Þ
Since there is no external loading over the width, the transverse force over the width is zero, leading to1
2b
Z b
b
rzz dx ¼ 0 ¼  k2bj
Z b
b
pdxþ 2la  2laDT: ð17ÞSubstituting Eq. (15) into Eq. (17) yields the axial thermal strain ðaÞ asa ¼ 3kþ 2lkþ 2l
 
vaDT ð18Þin whichv ¼
1 kkþ2l tanh abab
1 kkþ2l
 2
tanh ab
ab
2
64
3
75:In the case that the bonded strip is inﬁnitely wide, i.e., ab!1, the axial thermal strain approaches to the following expres-
sion in terms of Poisson’s ratio and Young’s modulus.a ¼ 1þ m1 m
 
aDT:
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1993; Lau et al., 2006a, 2007b).
In the case that the bonded strip has a very small width, i.e., ab ! 0, the axial thermal strain approaches to
a ¼ ð1þ mÞaDT;which is the thermal strain for an unconstrained layer with plane-strain condition.
6. Thermal stress
Due to the thermal expansion mismatch with the rigid plates, the bonded polymeric layer is subjected to thermal stresses
when undergoing a uniform temperature rise.
Substituting Eq. (18) into Eq. (15) yields the mean pressure aspðxÞ ¼ jaDT 3kþ 2l
kþ 2l
3kþ 6l
3kþ 2l
cosh ax
cosh ab
 1 k
kþ 2l
cosh ax
cosh ab
 
v
 
: ð19aÞThe mean pressure gradient in the x-coordinate isp;x ¼ ajaDT sinh axcosh ab
3kþ 2l
kþ 2l
 
1 k
kþ 2lv
 
: ð19bÞSubstituting Eqs. (15) and (18) into Eq. (13) reduces the mean lateral stress asrxx ¼ aDTð3kþ 2lÞ 1 cosh axcosh ab
 
1 k
kþ 2lv
 	
ð20aÞwhich is compressive in the x-direction for positive temperature changes.
The maximum mean lateral stress is found for x ¼ 0, withrmaxxx ¼ aDTð3kþ 2lÞ 1
k
kþ 2lv
 
: ð20bÞOn the other hand, the thermally induced shear stresses can be solved by analyzing the stress equilibrium in an inﬁnitesimal
free body. This approach is similar to what Gent et al. (1974) and Gent (1994) did in deriving the shear stress induced by a
compressive load on a bonded rubber layer. Gent’s derivation remains valid to predict the shear stress induced in the ther-
mally expandable polymeric layer, which is bonded between rigid plates.
The equilibrium of lateral forces in a free body of the bonded layer (see Fig. 3) yieldsoszx
oz
¼  orxx
ox
; ð21Þwhere szx denotes the shear stress.
Integration of Eq. (21) across the thickness, from the mid-plane to the top interface ðz ¼ t=2Þ, yields the shear stress on the
top interface because the shear stress on the mid-plane is zero due to symmetry (Gent et al., 1974)szxjz¼t=2 ¼
2
t
Z z¼t=2
z¼0
oszx
oz
dz ¼  t
2
drxx
dx
; ð22ÞSubstitution of the mean lateral stress in Eq. (20a) leads to the shear stress on the top interface.
An alternative method will be developed below to determine a complete solution of the shear stress and the lateral dis-
placement along the mid-plane ðu0Þ.
The shear stress is shown below as a function of transverse coordinate (i.e., z) by substituting the shear strain in Eq. (2)
into szx ¼ lczxszx ¼ 8lu0
t2
z: ð23ÞFig. 3. Lateral forces acting on a free body in the bonded layer.
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t2
¼ k
j
p;x  2lu0;xxð1 4z2=t2Þ: ð24ÞIntegrating and normalizing the equation above with respect to the thickness t yieldsu0;xx  6
t2
u0 ¼ 3k4lj p;x: ð25ÞSubstituting the mean pressure gradient of Eq. (19b) into Eq. (25) yields an ordinary differential equation for the lateral bulg-
ing u0u0;xx m2u0 ¼ an sinh axcosh ab ; ð26Þwherem2 ¼ 6
t2andn ¼ aDT k
4l
3kþ 2l
kþ 2l
 
1 k
kþ 2lv
 
:A complete solution of the lateral displacement along the mid-plane isu0 ¼ u0h þ u0p ¼ A coshmxþ B sinhmx ana2 m2
sinh ax
cosh ab
: ð27Þin which A and B are the unknown constants to be determined for the homogeneous solution u0h, and the last term on the
right-hand side is the particular solution u0p.
Due to symmetry with respect to the centerline, the mean lateral displacement is zero, i.e., u0 ¼ 0 at x ¼ 0. This gives
A ¼ 0.
Substituting rxxðx ¼ bÞ ¼ 0 into the ﬁrst equation of Eq. (4) yields another boundary conditionu0;xðx ¼ bÞ ¼ aDT 32
3kþ 2l
kþ 2l
 
1 k
kþ 2lv
 
: ð28ÞEnforcing this boundary condition yields B ¼ 0.
Substituting the constants A and B into Eq. (28), together with the deﬁnitions of m and n in Eq. (26), yields the solution of
lateral bulging asu0 ¼ aDT 32a
sinh ax
cosh ab
3kþ 2l
kþ 2l
 
1 k
kþ 2lv
 
: ð29aÞThe lateral bulging on the mid-plane has a maximum value ðumax0 Þ at the edge ðx ¼ bÞ, such thatumax0 ¼ aDT
3
2a
tanh ab
3kþ 2l
kþ 2l
 
1 k
kþ 2lv
 
: ð29bÞSubstituting Eq. (29a) into Eq. (23) and using the deﬁnition of a2 in Eq. (10) yield the shear stressszx ¼ az sinh axcosh abaDTð3kþ 2lÞ 1
k
kþ 2lv
 
: ð30aÞThe maximum shear stress can be found at the edges of the top and bottom interfaces where x ¼ b and z ¼ t=2, such thatsmaxzx ¼ 
at
2
tanh ab  aDTð3kþ 2lÞ 1 k
kþ 2lv
 
: ð30bÞThe shear stress at the top interface is obtained by substituting z ¼ t=2 into Eq. (30a), such thatszxjz¼t=2 ¼ 
at
2
sinh ax
cosh ab
aDTð3kþ 2lÞ 1 k
kþ 2lv
 	
: ð30cÞThis turns out to be identical to that derived by substituting the mean lateral stress of Eq. (20a) into Eq. (22).
7. Numerical examples and validation
Numerical examples are used to check accuracy of the derived analytical method. After the numerical validation, a para-
metric study is performed to reveal the dependence of thermally induced strains and stresses on design parameters, such as
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ratio, in addition to coefﬁcient of thermal expansion (CTE).
The materials used in the examples are SU-8 epoxy, and an ‘‘less-compressible” material, which possess the same prop-
erties as SU-8 except the Poisson’s ratio. The material properties and geometric parameters are listed in Table 1. Numerical
results using the analytical solutions are validated with those computed using ﬁnite element method (FEM). In the ﬁnite ele-
ment analysis, the plane-strain layer is modeled by 2D quadrilateral structural solid elements (PLANE42 of ANSYS) in ﬁne
meshes.
7.1. Axial strain and lateral displacement
According to Eq. (18), the apparent axial thermal strain ðaÞ depends on the aspect ratio ðW=tÞ and Poisson’s ratio ðmÞ. The
trend of the apparent axial thermal strain ðaÞ, normalized by the free thermal strain ðaDTÞ, is shown in Fig. 4a, whereas its
normalized gradient with the width (i.e., taDT
oa
oW) is shown in Fig. 4b. The analytical solutions of the apparent axial thermal
strain are found as accurate as the numerical solutions obtained by ﬁnite element method. In addition, the gradients ob-
tained by differentiating the analytical equation is comparable to those obtained by ﬁnite difference of the ﬁnite element
results. The agreement holds true over a wide range of the aspect ratio and it remains valid for both the compressible
and less-compressible materials.
Fig. 4a shows that the apparent axial thermal strain increases at a decreasing rate with the aspect ratio. The apparent
strain converges to a ﬁnite value at a large aspect ratio. The converged value depends on Poisson ratio. It is almost three
times the unconstrained thermal strain at m ¼ 0:49; whereas it is almost twice at m ¼ 0:33. The gradient of the axial thermal
strain diminishes with the aspect ratio ðW=tÞ. At the same aspect ratio, the gradient for the compressible layer is smaller than
that for the less-compressible layer.
The thermally induced lateral bulging on the mid-plane of a bonded layer varies along the width. It has a maximum at the
edge of the bonded layer (i.e., u0ðx ¼ bÞ ¼ umax0 ), but it is zero at the center ðu0ðx ¼ 0Þ ¼ 0Þ. As shown in Fig. 5 and Eq. (29a),
the maximum lateral bulging at the edge ðumax0 Þ is a function of the aspect ratio ðW=tÞ and Poisson’s ratio ðmÞ. Fig. 5a shows
that the maximum lateral bulging, normalized by the free axial thermal expansion ðtaDTÞ, whereas Fig. 5b shows its normal-
ized gradient, i.e., 1aDT
ou0
oW. The analytical solution given by Eq. (29a) agrees in trend with ﬁnite element solution. It is moreTable 1
Material properties and design parameters
Units SU-8 (Feng and Farris, 2002) ‘‘Less-compressible” SU-8
Young’s modulus, E GPa 3.2 3.2
Poisson’s ratio, m 1 0.33 0.49
Coef. Thermal expansion, a ppm/C 150 150
Layer thickness, t lm 3 3
Layer width, W lm 3 6W 6 60 3 6W 6 60
Fig. 4. (a) Normalized apparent axial strain and (b) its change rate with respect to the aspect ratio, for a bonded polymer layer evaluated at two different
Poisson’s ratios.
Fig. 5. (a) Normalized lateral displacement and (b) its change rate with respect to the aspect ratio, for a bonded polymer layer evaluated at two different
Poisson’s ratios.
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ible material with m ¼ 0:33 is 8% and 12% at the aspect ratios of 10 and 20, respectively.
The trend of the edge lateral bulging ðumax0 Þ is non-monotonous with respect to the aspect ratio. Fig. 5a shows that the
edge lateral bulging increases with the aspect ratio below 3 and it peaks at the aspect ratio of 3, beyond which it drops
asymptotically and converges to a smaller constant. The converged value of the edge bulging depends on Poisson’s ratio.
The converged value at m ¼ 0:33 is approximately two times higher than that at m ¼ 0:49. On the other hand, Fig. 5b shows
that the gradient of the lateral bulging with respect to the width diminishes to zero at a large aspect ratio for both the com-
pressible and less-compressible layers.
7.2. Thermally induced stresses
Fig. 6 shows the distribution of thermally induced stresses along the width (i.e., the x-coordinate) of a rigidly bonded SU-8
strip (30-lm wide and 3-lm thick). The stresses are normalized by the thermal stress ðEaDTÞ. Fig. 6a shows the spatial dis-
tribution of mean lateral stress in a plateau-like trend. The lateral mean stress is compressive. Analytical solution of the dis-Fig. 6. Distribution of thermally induced stresses along the symmetric half of a 30-lm wide bonded SU-8 layer: (a) normalized lateral stress rxx; (b)
normalized shear stress sxy.
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ðx ¼ 0Þ but becomes zero at the free edge ðx ¼ bÞ. On the other hand, Fig. 6b shows the spatial distribution of the thermally
induced shear stress at the top interface (at z ¼ t=2). Analytical solution of the distribution is an hyperbolic sine function
following Eq. (30a). The shear stress is zero at the center ðx ¼ 0Þ, but it increases to a maximum value at the edge ðx ¼ bÞ.
Fig. 7a shows that the maximummean lateral stress ðrmaxxx Þ, which takes place at the center of the bonded layer, as a func-
tion of the aspect ratio. The ﬁgure has the stress normalized by thermal stress ðEaDTÞ. At a small aspect ratio, the center lat-
eral stress is close to zero. However, it becomes increasingly compressive at a large aspect ratio. The center lateral stress
increases at decreasing rates with the aspect ratio and it converges to a constant at a large aspect ratio. The converged value
of the stress depends on Poisson’s ratio; it is larger at m ¼ 0:49 than it is at m ¼ 0:33. In addition, Fig. 7b shows the normalized
gradient of the center lateral stress, i.e., tEaDT
orxx
oW , as a function of the aspect ratio. The gradients diminishes to zero at a large
aspect ratio.
Fig. 8 shows the maximum interface shear stress ðsmaxzx Þ, which takes place at the top edge of the bonded layer, as a func-
tion of the aspect ratio. The ﬁgure has the thermal stress normalized by ðEaDTÞ. The edge shear stress shows a peak at the
aspect ratio of approximately 3. Beyond this peak aspect ratio, it decreases with the aspect ratio and becomes independent ofFig. 7. (a) Normalized maximum lateral stress and (b) its change rate with respect to the aspect ratio, for a bonded polymer layer evaluated at two different
Poisson’s ratios.
Fig. 8. (a) Normalized maximum shear stress and (b) its change rate with respect to the aspect ratio, for a bonded polymer layer evaluated at two different
Poisson’s ratios.
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than 3, the less-compressible layer has a lower edge shear stress than the compressible layer. However, the reverse is true
at a smaller aspect ratio. Fig. 8b shows the gradient of the edge shear stress, normalized by the thermal stress per unit thick-
ness ðEaDT=tÞ. The gradient diminishes at a large aspect ratio.
Based on the results and observations above, we found that the ‘mean-pressure’ method is accurate enough to predict the
thermally induced stresses at the interior of the bonded layer. The solution obtained by this method are in good agreement
with those obtained by ﬁnite element method. This is conﬁrmed with the example above of a bonded layer with an aspect
ratio of 10 (see Fig. 6). Furthermore, the solutions of interior stress remain accurate at other aspect ratio and for both the
compressible and less-compressible materials (see Fig. 7). However, the method is not good in predicting the stresses at
the edges even though it captures the trends of the edge stresses in relation to the aspect ratio. Fig. 6 shows that, for a
SU-8 layer of an aspect ratio of 10, the analytical solution of the mean lateral stress at the edge is 27% lower than the ﬁnite
element solution, whereas the analytical solution of the shear stress at the edge is 45% higher. The deviation of the analytical
solution, in particular for the interfacial shear stress, increases with the aspect ratio (see Fig. 8). The deviation from ﬁnite
element solution is more serious for compressible material; for example, the deviation is 63% at m ¼ 0:33, while it is within
23% at m ¼ 0:49.
The discrepancy of analytical solution takes place at the edge mainly because rotation happens near the edge and thus it
breaches the kinematic assumption, which assumes the displacement ﬁeld remain lateral (see Eqs. (1) and (2)). However, the
kinematic assumption is adequate for predicting the stresses of the bonded layer at the interior (see Fig. 6).8. Conﬁnement widths
Results and discussions above show that all thermo-elastic responses for the bonded layer are dependent on the aspect
ratio. The thermo-elastic responses show a large rate of change at a small aspect ratio but a diminishing rate at a large aspect
ratio. They converges to respective constants at a large aspect ratio. It is interesting to know at which aspect ratio or plate
width the thermo-elastic responses converge to a large extent. For example, how narrow can the plates be without compro-
mising the thermal strain enhancement?
Let us deﬁne the conﬁnement width as the width, above which the thermally induced strain or the stress is less than 5%
different from the converged values at a large aspect ratio. The conﬁnement widths change with Poisson’s ratio and the ther-
mo-elastic response of interest. For example, the conﬁnement width for the converged axial thermal strain (see Fig. 4a) is
ﬁve times the thickness at m ¼ 0:33 and it is 6 times the thickness at m ¼ 0:49. The conﬁnement width for the converged lat-
eral bulging (see Fig. 5a) is 4 times the layer thickness at m ¼ 0:33, while it is 16 times the layer thickness at m ¼ 0:49. The
conﬁnement width for the converged lateral stress (see Fig. 7a) is about four times the layer thickness for both the compress-
ible and less-compressible layers (i.e., m ¼ 0:33 or 0.49). On the other hand, conﬁnement widths for the converged shear
stress (see Fig. 8a) are similar to those for the converged lateral displacement.9. Concluding remarks
This paper has presented analytical solutions of the thermally induced strains and stresses in a bonded polymer layer,
which is between two rigid interfaces. Derivation of the solutions is based on the ‘mean pressure’ method and the assump-
tions that lateral planes remain planar and transverse lines become parabolic when subjected to isothermal expansion. The
approach leads to approximate closed-form solutions for the lateral displacement, transverse strain, and stresses, which are
thermally induced. The apparent thermo-elastic behavior is shown related to the material and design parameters of the
bonded layer. The closed-form solutions form a basis to further evaluate and optimize the design of thermal polymeric mi-
cro-actuators.
The closed-form solutions at the interior parts of the bonded layer are shown in good agreement with ﬁnite element solu-
tions. For instance, the solutions for the axial apparent strain and the lateral displacement match with the FEM results. How-
ever, the solutions at the edges of the layer, in particularly for the thermally induced stresses, are less accurate. The deviation
is attributed to the fact that the approximate displacement ﬁeld remains planar and does not allow rotation near the edge.
However, this assumption is adequate for predicting the strain and stress at the interior parts of the bonded layer.
Thermo-elastic behaviors of a bonded layer are shown dependent on the aspect ratio and Poisson’s ratio. A parametric
study determined the conﬁnement width above which thermo-elastic properties of a bonded layer converge and become less
than 5% different from the value at inﬁnite width. It shows that a conﬁnement width, which is ﬁve times the strip thickness,
could attain 95% of the apparent thermal strain at the inﬁnite width. A bond width larger than the conﬁnement width could
hardly improve the apparent thermal strain further. In conclusion, a sufﬁciently compact design of the bonded polymeric
layer could well improve the directional strain for effective thermal actuation.
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The total strain at each point of the heated polymer can be modeled as the sum of two parts. Assuming an linear isotropic
material behavior, the ﬁrst part is a uniform expansion proportional to the temperature rise DT. In other words, normal
strains arise but no shear strains are induced thermally. The second part comprises the elastic strains induced by mechanical
loading. These elastic strains are related to the stresses using the isothermal and linear elastic constitutive equations.
According to Boley andWeiner, 1960, the thermo-elastic strain–stress relationship for isotropic and linear elastic material
in Cartesian coordinate readsxx ¼ 1E ½rxx  mðryy þ rzzÞ þ aDT;
yy ¼ 1E ½ryy  mðrzz þ rxxÞ þ aDT;
zz ¼ 1E ½rzz  mðrxx þ ryyÞ þ aDT;
cxy ¼
1
2G
sxy; cyz ¼
1
2G
syz; czx ¼
1
2G
szx;
ðA:1aÞwhere the shear modulus G is related to Young’s modulus E and Poisson’s ratio m byG ¼ E
2ð1þ mÞ :Dilatation e is the sum of strains in three orthogonal directions:e ¼ xx þ yy þ zz
¼ 1
3j
ðrxx þ ryy þ rzzÞ þ 3aDT;
ðA:2aÞwhere the bulk modulus j is related to E and m byj ¼ E
3ð1 2mÞ :The dilatation e can be related to a hydrostatic stress p, such thate ¼ p
j
þ 3aDT; ðA:2bÞwhere3p ¼ rxx þ ryy þ rzz:
Inverting Eq. (A.1a), the stress–strain relationships are given as:rxx ¼ keþ 2lxx  ð3kþ 2lÞaDT;
ryy ¼ keþ 2lyy  ð3kþ 2lÞaDT;
rzz ¼ keþ 2lzz  ð3kþ 2lÞaDT;
sxy ¼ 2lcxy; syz ¼ 2lcyz; szx ¼ 2lczx:
ðA:3aÞThe Lame elastic constants k and l are related to E and m byk ¼ mEð1þ mÞð1 2mÞ ; l ¼
E
2ð1þ mÞ ¼ G: ðA:3bÞUpon substituting the dilatation in terms of hydrostatic pressure, the stress–strain relationship for the normal strains are
reduced torxx ¼ kp=jþ 2lxx  2laDT;
ryy ¼ kp=jþ 2lyy  2laDT;
rzz ¼ kp=jþ 2lzz  2laDT:
ðA:3cÞAppendix B. Equations of equilibrium
The equations of thermo-elastic equilibrium are the same as those for isothermal elasticity since they are based on purely
mechanical considerations. In rectangular Cartesian coordinate x; y, and z these equations take the form
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ox
þ orxy
oy
þ orzx
oz
þ X ¼ 0;
orxy
ox
þ oryy
oy
þ oryz
oz
þ Y ¼ 0;
orzx
ox
þ oryz
oy
þ orzz
oz
þ Z ¼ 0;
ðB:1Þwhere X;Y; Z are body forces per volume in the three coordinates.
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